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PERTURBATIONS OF SOLUTIONS OF
STIELTJES INTEGRAL EQUATIONS

BY
DAVID LOWELL LOVELADY

Abstract. Using multiplicative integration in two ways, formulae for solutions to
perturbed Stieltjes integral equations are found in terms of unperturbed solutions.
These formulae are used to obtain bounds on the difference between the perturbed
solution and the unperturbed solution. The formulae are also used to explicitly
solve, in terms of product integrals, a linear equation subject to nonlinear interface
conditions.

I. Introduction. Let X be a Banach space with norm N;. We propose to study
relationships between the solutions f and g of f(¢)=p+(R) [; dF[f] and g(¢)=
p+(R) [ dG[g], where p is in X, c is a real number, and F and G are functions
from [c, o) into a space of Lipschitz operators on X. J. W. Neuberger [9] has
studied the first equation with F continuous, and J. S. Mac Nerney [6] has extended
this study to the case in which F is of bounded variation. For the case in which the
equations are equivalent to linear differential equations in matrix rings, C. C. Ross,
Jr. [10] has obtained some multiplicative relationships for the solutions. Gant-
macher [2, Chapter 14, §5] has also studied this case. R. H. Martin, Jr. [8] (see
also [7]) has obtained bounds for solutions. We shall extend the work of Ross [10]
to obtain formulae for the solutions of perturbed equations, and then use our
formulae to obtain comparison bounds for perturbed solutions.

IL. Preliminary results. Let H be the set to which A belongs only in case 4 is a
function from X to X, 4(0)=0, and there is a number b so that N,[4(p)— A(q)]
<bN,[p—q] whenever (p, q) is in X x X. If A is in H, let N,[A] be the least number
b so that N,[4A(p)— A(q)]<bN,[p—q] whenever (p, q) is in X x X, and let N3[A4]
be the least number b so that N,[A(p)] < bN,[p] whenever p is in X.

Let ¢ be a real number, and let S=[c, 0). Let OA be the set to which V belongs
only in case ¥V is a function from S x S to H so that if (x, y, z) is in §x S x .S and
z is between x and y, then

(i) W(x, z2)+ V(z, y)=V(x, y), and

(ii) there is a number M so that

Z No[V(t -1, t)] = M whenever (2,)p- o subdivides (x, y).
k=1
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Let OM be the set to which W belongs only in case W is a function from Sx S
to H so that whenever (x, y, z) is in Sx §x S and z is between x and y, then

(i) W(x, 2)W(z, y)=W(x, y), where the multiplication is by composition, and

(ii) there is a number M so that

Z No[W(t.-1, ti)—1]1 = M whenever (2,)%- o subdivides (x, y),
k=1

where I in H is given by I(p)=p.

Let BVH be the set to which f belongs only in case fis a function from S to H,
of bounded N,-variation on each bounded interval of S. Let BV X be the set to
which f belongs only in case f'is a function from S to X, of bounded N;-variation
on each bounded interval of S. If Fis a function from S to either H or X, let dF
be given on S'x S by dF(x, y)=F(y)— F(x).

Let A be a function from S x S to H, f a function from S to H, and g a function
from Sto H. If (a, b) is in Sx S, and p is in X, by .>° h[p], I 1° Alp), (L) j.;’fh[p],
(R) [? hglp], and (L, R) {2 fhglp] we mean the limit, in the sense of successive
refinements of subdivisions, of members of X of the forms >7_, A(t, -1, t)[p],
[TR=1 h(te-1, 8IIP), 21 f(tk—D[A(t-1, 8)IP1), 2h=1 h(te_1, t)[g(8)[p]], and
ka1 (- DIt -1, 1) [g(t)[P]]), respectively, where (#)i-o, is a monotone
sequence into S so that a=1t, and b=¢,.

Our first three lemmas have proofs almost identical to the proofs of Lemmas 4.1,
4.3, and 4.4 of [5], and we shall not exhibit these proofs here.

LeMMA 1. Let each of f and g be in BVH, and suppose each value of f is linear.
Let (a, b) be in Sx S, and let p be in X. Then if either of

@ [ rdgto) and ® [ @ete
exists, so also does the other, and
@ [ 1 dgtol = ONE®IN-F@Ig@IpN- R [ @eta

LemMA 2. If f, g, a, b, and p are as in Lemma 1, then (L) [, f dglp] exists.

LEMMA 3. Let V be in OA, and let each of f, g, F, and G be in BVH, with each
value of f linear. Suppose that whenever (a, b) is in Sx S, and p is in X, then

4F@ Blp] = @) [ V1) and d6(a, Bl = (B [ vetan

Then whenever (a, b) is in Sx S, and p is in X,

b b b
®) f (@F)glp] = (L, R) f fVelpl = @) f £dGIpl.

REMARK. The existence of (R) [ Vg[p] was shown by Mac Nerney in [6].
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LEMMA 4. Let (A,)i- 1 and (B,)-1 be sequences into H. Let (a,)}-,, (b,):-1, and
(¢cr)i =1 be real-valued sequences so that, whenever 1 £k <n, N;3[A,] < ay, No[B,) < b,
and N3[A,,— B, 1< c,. Then

w{LL AL s 5 {[Toe] 11, o)

Proof.
Na[l—_[ Ak_I_I Bk] = Na[(Ar“Bl) 1_[ Ax+ B, 1—_[ Ax— B, ]_—I Bk]
k=1 k=1 k=2 k=2 k=2
<all ak+b1N3[n 4-T1 Bk].
k=2 k=2 k=2

The remainder of the proof is now clear.

LEMMA 5. Let (A,); 1 and (B~ be sequences into H. Let (a,)} -1, (by)t-1, and
(ci)r=1 be real-valued sequences so that, whenever 1 <k <n, N,[A,] £ a,, N3[B,] < by,
and N3[B.—I1=c,. Then

Na[n AkBk_I_I Ak] = (1—[ ak) Z [Ck( I_I b})]-
k=1 k=1 k=1 k=1 i=k+1

REMARK. Lemma 5 is proved in much the same fashion as Lemma 4, so we shall
not prove it here.

In [6, Theorem 1.1], Mac Nerney showed that if V is in OA, W is in OM, (a, b)
is in $x S, and p is in X, then each of ,J1° [I+ V][p] and ,>° [W—I][p] exists.
Let E be the function on OA, each value of which is a function from Sx S to H,
such that if V' is in OA, E[V] is given by E[V(a, b)[p]=.I1° [I+ V][p]. Then [6,
Theorem 1.1] the range of E is OM, E is a bijection between OA and OM, and if
Visin OA, W=E[V], then V(a, b)[p]=.>° [W—I][p] whenever (a, b) is in Sx S
and p is in X. Mac Nerney also showed [6, Corollary 2.1] that if V is in OA,
W=E[V], and h is given by h(t)=W(t, c), then h is in BVH, and is the only
member of BVH such that, if p is in X,

WO)lp) = p+(R) f " valp)

for each 7 in S.

In [4], Herod showed that if each value of ¥, in OA, is linear, and W=E[V],
then each value of W has inverse in H only in case each of I+ V(1, ¢t *), I+ V(1,1 ),
I+V(t*,t), and I+ V(¢ ~, t) has inverse in H whenever ¢ is in S. From this it is
clear that W(a, b) has inverse in H whenever a=b only in case each of I+ V(z, ¢ ")
and I+ V(¢ *, t) has inverse in H whenever ¢ is in S. Let OAI be that subset of 04
to which V belongs only in case each value of V is linear, and each of I+ V(¢, t )
and 74+ V(t*, t) has inverse in H whenever ¢ is in S. Another consequence of [4]
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is that if V is in OAI then W( ,c)~!is in BVH. We shall need this last fact to
ensure the existence of certain integrals.

III. A variation of parameters approach. If ¥, and ¥V, are in O4, we can, in
some circumstances, find a member g of BVH so that

E[V1+ V3]t ¢) = E[V1](% c)[g(2)]
for each ¢ in S.

THEOREM 1. Let V, be in OAI, V, in OA, and W,=E[V,]. Let U be given by
U(a, b)[p]=(L, R) [; W1( , ¢) "V, Wi( , O)[p). Then

E[Vi+ V]t olp]l = Wi, o)[ETUNG, o)[p]l,
foreach tin S andp in X.

THEOREM 2. Let V, be in OAI, V, in OA, W,=E[V,], and W,=E[V,]. Let U be
given by U(a, b)[p]l=(L, R) [> W1( , )VaWi( , ¢)~*[p]. Then

Wi, o)W1, o)lp]] = E[V1+ U, o)lp]
whenever t is in S and p is in X.

REeMARK. Since Theorem 2 follows from Theorem 1 simply by interchanging
the roles of ¥V, and U, we shall prove only Theorem 1. It should be noted that
Theorem 2 includes Theorem 1 of [10].

Proof of Theorem 1. Let g be given by g(¢)=E[U](, ¢), and let h be given by
h(t)=W.y(t, c)[g(®)]. Now if tis in S and p is in X,

@ [ vt = @B [ Wi, WA, 9l gl]
= @B [ Wi, oUglp]
- - [ w9 delp)
- ® [ @i, glpl—p+ Wi(t, lg(0)lp]

- -® f Vi, glpl—p+HOIp]

I

~(®) f " VihIpl—p+h()Ip].

This completes the proof.

The remainder of §III is devoted to exploring the consequences of Theorem 2
in the case in which each of V; and V, is in OAI Our next result follows im-
mediately.
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COROLLARY 1. Let each of V, and V, be in OAI, with W, = E[V,). Let U be given
by

U@, B)lpl = (L B [ Wi, Va0 o)

Then V,+ U is in OAL

Now we produce a necessary and sufficient condition for commutativity. Our
result includes Theorem 2 of [10].

THEOREM 3. Let each of V, and V, be in OAIL, with W, =E[V,] and W,=E[V,].
Then these are equivalent:

@i) Wi(t, )Wyt c) = Wo(t, c)Wy(t,c) foreachtin S.
Vi(a, b)[p]—Vsla, b)[p]

(i) v
= (L, R) J; W, ViWa(, o)~ Hpl—= Wi, Ve Wi(, o) 72 [p]]

whenever p is in X and a= b.
Proof. Choose U; and U,, according to Theorem 2, so that if ¢ is in S,
Wl(t’ C) W2(t’ C) = E[Vl + Ul](ta C) and W2(t, C) Wl(ta C) = E[V2+ U2](ta C).

Now (i) holds only in case E[V;+ U,](t, c)=E[V,+ U,](t, c¢) for each ¢ in S. Since
each of V;+ U, and V,+ U, is in OAI, this is equivalent to E[V,+ U,](a, b)
= E[V,+ U,)(a, b) whenever a= b, which in turn is equivalent to V,(a, b)— V,(a, b)
= Uy(a, b)— Uy(a, b) whenever a= b, which is (ii). The proof is complete.

An interesting question is: When does E preserve the exponential identity on
OAI? We answer this question with a theorem which includes Theorem 3 of [10].

THEOREM 4. Let each of V, and V, be in OAI with W,=E[V,] and Wy=E[V,].
Then these are equivalent :

(1) Wi(t, oWu(t, c)=E[V,+ V,)(¢, c) for each t in S.

(i) Va(a, b)[pl=(L, R) [> W1( , )V, Wi( , ¢)~ [p]l for azb and p in X.

REMARK. Theorem 4 follows immediately from Theorem 2 and Corollary 1, so
we shall not prove it here.

An interesting special case in the multiplication of solutions comes in taking
powers. We now handle that case.

THEOREM 5. Let V be in OAI, and let W= E[V']. Then these are equivalent:

(i) E[kVI(t, o)=[W(t, c)I* for each t in S and each positive integer k.

(ii) V(a, b)[pl=(L, B) j"; W(,c)VW( ,c)"[p] forazb and p in X.

IV. An integrated multiplication approach. If V, and V, are in OA, we can,

under certain circumstances, find a formula for E[V;+ V,] in terms of products
of E[V,] and E[V,).
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THEOREM 6. Let each of V, and V, be in OA, with Wy=E[V,] and W,=E[V,].
Suppose that whenever (a, b) is in Sx S, then ,5° N[V [I+V,]—V,]=0. Then
whenever (a, b) isin Sx S and p is in X, ,J1° Wy W,[p] exists. Furthermore, if Wy is
given by Wy(a, b)[pl=.11° W1W.[p], then Wy=E[V,+ V,].

ReMARK. Helton [3, §5] has studied this kind of integrated multiplication in
connection with linear equations.

Proof. Let (a,b) be in $§x S and p in X. It is clear that ,[[° W W;[p], if it
exists, is given by [ 1° [7+ V11[I+ V.][p]. Let (#.)%-o be a partition of (a, b). Now
by Lemma 4,

N, [kljl [+ Va(ti-15 8T+ Va(tic—1, t)11P]
—,:‘[j [+ Vi(tie-1, ti) + Valti-1, tk)][P]]
AL (RS ACACHNS) (ERALZOME)

. kil N[Vt - 15 )T+ Vit -1, 11— Viltic-1, 1]

The proof is now clear.
We can use this theorem, and the following lemma, to get two companion
theorems to Theorem 5.

LeMMA 6. If A is in H, and n is a positive integer, then

n-1
U+A> = I+ A4+ > Al+AF.

k=1
Consequently,

n-1
U+AP—[I+nd] = > [AlI+A]*—A].
k=1
THEOREM 7. Let V be in OA, W=E[V], and let n be a positive integer. Suppose
that whenever (a, b) is in Sx S, and k is an integer, 1 <k <n, then
2 NalV I+ V—V] = 0.

Then if (a, b) is in Sx S and p is in X, ,[ |° W"[p] exists. Furthermore, if M is given
by M(a, b)[p]=.I1" W"[p], then M=E[nV].

THEOREM 8. Let V be in OA, W=E[V], and suppose each value of V is linear.
Suppose that if (a, b) is in Sx S, then ,>° N3[V?3]=0. Then if k is a positive integer,
(a,b) isin Sx S, and p is in X, then

JT w el = ] T U+kviip)
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REMARKS. The hypotheses of Theorem 7 will be satisfied if ¥ is Ns-continuous.
Herod, in [4], has shown that if each value of V is linear, and ,>° N;3[V'2]=0 for
each (a, b) in Sx S, then V is in OAIL To prove Theorem 7, imitate the proof of
Theorem 6, and use Lemma 5. Theorem 8 follows quickly from Theorem 7.

V. The comparison of perturbed solutions. In differential equations, much use
is made of the variation-of-parameters formula in the study of perturbed solutions.
Our first result extends that idea.

LEMMA 7. Let V; be in OAL V, in OA, and W,=E[V,]. Let h be that member
of BVH such that if (t,p) is in Sx X,

KO)p] = p+(R) j " Vihlpl+(R) f " Vahlp).
Then if (t, p) is in Sx X,
h(O)p] = Wit, )lpl+(L, R) f Wi, YWahipl.

Proof. Let g be that member of BVH such that if (¢, p) is in S x X, then g(¢)[p]
=p+(L, R) ; Wi( ,¢)~*VyWi( , c)glp]. Now by Theorem 1 we have A(t)=
W(t, c)g(t) for each ¢ in S. Since each value of W, is linear, this says

h(O)p] = Wilt, Olpl+ Wilt, ©)-(L, R) f "W L o) Vahlp]

= Wi(t, )lpl+ (L, B) f "Wt YWahlp,

whenever (7, p) is in S x X. This completes the proof.

Since X is a Banach space, the set of real numbers can be considered as a subset
of H. Let OAR (respectively OMR) be the subset of OA (respectively OM) which
consists of real-valued functions. Martin, in [8] (see also [7]), has shown that if V'
is in OA, and (a, b) is in S$x S, then ,>° (N3[I+ V]—1) exists. Furthermore, if y
on S x Sis given by y(a, b)=,>° (N3[I+ V]—1), then yisin OAR. Also, if W=E[V]
and A=E[y], then A is the least member of OMR such that N;[W(a, b)] < X(a, b)
for each (a, b) in Sx S, i.e., A(a, b)=,I1° N;[W] [7, Theorems 3.2 and 3.3] (see
also [6, Theorems 1 and 2]).

LEMMA 8. Let each of V, and V, be in OA, W,=E[V,], and Wy=E[V,)]. For
i=1, 2, let y; be given by y{(a, b)=,>° (N3[I+ V,]—1), and let \;=E[y,]. Let y; be
given by ys(a, b)=,>° (Ns[I+ Vi + V,]—1), and let A\;= E[y;). Suppose that when-
ever (a,b) is in Sx S, then 5P Na[Vi[I+V,]—V1]1=0 and ,>° |yiys|=0. Then
whenever (a, b) is in Sx S,

73(a3 b) é YI(a, b)+72(a9 b)’
and
As(a, b) = M(a, b)As(a, b).
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Proof. Let W3=FE[V,+V,]. Now, if (a, b) is in Sx S,
M@, b) = [ [" NalWsl < [ [ NaW1ING[W2] = M(a, b)As(a, b),

yo@ b) = D" Ma—1] £ D" [MAa—1] = 71(a, b) +75(a, b).
The proof is complete.

THEOREM 9. Let Vy, V,, v1, and y, be as in Lemma 8. Let h be that member of
BVH such that

h(Olp] = p+(R) f " Vihlpl+(R) f * Vahip)

whenever (t, p) is in S x X, and let F be that real-valued member of BVH such that

F@) = 1+ [ nF+® [ 7F

for each t in S. Then N3[h(¢)1< F(¢) for each t in S.

REMARK. Note that if A\, =FE[y,], and A, is never zero, then, by Theorem 1,
F(t)=A(t, ¢) ;] 1° [1 + Af Yy,] for each ¢ in S. Theorem 9 follows immediately from
Lemma 8 and the aforementioned work of Martin [8] (see also [7]).

Now we obtain a comparison bound for a nonlinear perturbation of a linear
equation. Our theorem follows directly from Theorem 9 and Lemma 7.

THEOREM 10. Let V), be in OAIL V, in OA, and W =E[V,]. Let A, and vy, be
given by MA(a, b)=,[1° N3[W,] and vyy(a, b)=.>" (N3[V,+1I1—1). Let B be a
member of OAR such that N3[Vy(a, b)]1<B(a, b) for each (a,b) in Sx S. Let h in
BVH be given by h(t)=E[V,+ V,)(t, c¢). Let G be given by G(t)=,I1° [1 + A{ Yy,].
Then iftisin S,

Nolh(t) - Wi(t, O] £ M(1, ©)-(R) f " AT6G.

REMARK. One might speculate on replacing B, in the conclusion of Theorem 10,
by y.. This, in general, is not possible since y, may have negative values.
We can get a bound for the difference of solutions even when ¥ is not linear.

THEOREM 11. Let each of V, and V, be in OA, with W,=E[V,] and W,=E[V,].
Suppose ;20 N3[V,[I+ V;]— V,]=0 whenever (a, b) is in Sx S. Let A, B, and A, be
given on SxS by Af(a, b)=,[1° Ny[W.], B(a, b)=,>° N3[V,], and A a, b)=
oI I° N3[W,]. Then whenever (a, b) is in Sx S,

NS[E[V1+Val(a, b)— Wi(a, b)] £ M(a, b)-(R) f: Bo( , b).

REMARK. It should be noted that A, is given by products of N,[W;], not N3[W,]
as before. Theorem 11 follows from Lemmas 4 and 5.
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VI. Applications. We shall show that our results include a slight modification
of a theorem of Coppel, [1, p. 64], and we shall obtain a bound for perturbations
of nonlinear differential equations. We shall also use our results to solve both linear
and nonlinear interface problems for Stieltjes integral equations. Interface problems
have been studied by Stallard, [11] and [12], and Zettl, [13], for differential
equations.

THEOREM 12. Let V, be in OAI, V, in OA, and W= E[V,]. Suppose there are
numbers K and M so that N3[Wy(t, s)]<K and 5! N3[V,1EM for c<s=<t. Let
h=E[V,+V,]( ,c). Then if e>0 there is >0 so that whenever p is in X and
N,[p]l< 8, then N,[h(¢)[p]l<e for each t in S. Furthermore, if N3—lim,_, , Wy(t, s)
=0 for each s in S, then N, —lim,_, , h(t)[p]=0 for each p in S.

REMARK. This theorem includes Coppel’s theorem in the case in which the
perturbation is Lipschitz.

Proof. From Lemma 7, h(t)[p]=W,(t, o)[p]+ (L, R) [; Wy(t, )Vh[p] for each
(¢, p) in Sx X. Let B be given by B(a, b)=,>° Ng[V,]. Let (¢, p) be in Sx X. Now

NIbOlp]] S KNlpl+® [ KNIOLPIL
Let Q be given on S by
Q(t) = KNi[p]+(R) f: KBN,[h( )[p]1— N:[A()[P]]-

Now Q has only nonnegative values and, if ¢ is in S,

(*) M[A@®)[p]]l = KNi[p]— Q1) +(R) J:c KBN:[A( )P

Let F be that nonnegative-valued member of BVH so that
(4
) F() = KN,[p1+(®) [ KeF

for each ¢ in S. Now each of (x) and (**) can be solved by iteration [6, Theorem 2],
and — Q(#) £0 for each ¢ in S, so Ny[A(¢)[p]] = F(¢) for each ¢ in S. But

F(t) = ] [° 1+ KBIKN:[p] < (exp [KB(t, )DKN[p]
S KNy[pl(exp [KM])

for each 7 in S. This proves the first part of the theorem.

Note that in the first part of the proof we in fact showed that whenever p is in X,
then A( )[p]is bounded. Now let p be in S. If = 5, and B is such that N;[A(r)[p]]1< B
for each r in S, then

N, [(R) fc Wi, )Vzh[p]] < KBB(, s).
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Let £>0 and find s, so that B(¢, so) < ¢/(KB+1). Now if > s,,

NIKOIP]] £ NalWi(t, OIN[p]+(L, R) f " NoIWi(t, YIBNARO)[p]]+e
< Ny[Wi(t, ¢)IN:[p]
+NalWit, 50)]-(L, R) j NolWi(sor BN [RO) 1] +e.

The proof is now clear.
Let M be that real-valued function on H given by

M[A] = lim (1n)[Noll+14]-1].

Suppose B is an N,-continuous function from S to H, and let V be given by
V(s, t)=j'§ B(r) dr, if s<t, and V(s, t)=V{(¢, s) if t<s. Let y be given by y(a, b)
=,>0 [N3[I+ V]—1]. Martin, [8, Example 3.1] (see also [7]), has shown that if
s<t, then y(s, t)= [, M[B(r)] dr and y(s, t)=y(t, s) if t<s. Noting these results,
we state without proof the following consequence of Theorem 11.

THEOREM 13. Let each of A and B be an N,-continuous function from S to H.
Let W be that function from S x S to H such that if (s, p) is in S x X, then W(_, s)[p]
is the solution of h'(t)=A(t)[h(t)], h(s)=p. Let X be given by Xa, b)=,1° N:[W].
Let p be in X, and let h and g be continuously differentiable members of BVX such
that h(c)=g(c)=p, h'(t)=A)[h()]1+ B(@)[h(t)], and g'(t)=A(t)[g(t)] whenever t
isin S. Then, if t is in S,

N0 -0 5 Mo, o) [ NolBes) exp [ [ miBe ar| as.

In [12, §3], Stallard showed how to solve the following problem: Let P be a
Lebesgue summable matrix-valued function on an interval [a, b]. Let (4,);-, be a
matrix-valued sequence, and let a<t, <ty<---<t,<b. Find a matrix-valued
function Y on [a, b] so that

(i) Y(a)=1, where I is the identity matrix,

(i) Y@H)=A4,Y@;) fork=1,2,...,n,

(iii) Y is absolutely continuous on [a, #,), (¢,, b], and (#;-,, ) for k=2,3,..., n,
and

(iv) Y'(t)=P(t)Y(¢), almost everywhere in (a, t;), (t,, b), and (t_,, t) for
k=2,3,...,n.

We shall extend this problem to Stieltjes integral equations, and show that under
certain circumstances we can write a formula for the solution.

THEOREM 14. Let V be in OA, and let K be a countable subset of S, ¢ not in K.
Let each of A and B be a function from K to H such that if M is a bounded subset of
K, then each of 3,y No[A@®)—I—V(t, t 7)) and Syinp No[B@)—1-V(t*, t)] is
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finite. Then whenever p is in X there is a member h of BVX such that each of (i),
(ii), and (iii) is true.
(@) h(c)=p.
(ii) If t is in K, then h(t)= A(t)[h(t ~)] and h(t *)=B(t)[h()].
(iii) If N is an open connected subset of S in the complement of K, then there is q
in X so that

W = g +@® [ VK
whenever t is in N.

REeMARK. It should be noted that, if K has no limit point, the conditions on 4
and B are satisfied a priori. In this circumstance it is clear that 4 is unique, and
hence this theorem includes Stallard’s result [12]. In other circumstances, additional
conditions on A, B, and K may be necessary to ensure uniqueness (see [11, pp.
65-66)).

Proof. Let U; and U, be members of OA such that if [a, b] is an interval in S
then U;(b, a)=0if (a, b] does not intersect K, U,(b, a)=0 if [a, b) does not intersect
K,

Ub,a)= 2> [A)—1-V(s,s7)]

sin K, a<ssb
if (@, b] does intersect K, and

Ub,a) = > [Bls)—I-V(s*,5)]

sinK, ass<bd

if [a, b) does intersect K.
Now if ¢ is in K,

Ul(t’ t—) = A(t)_l— V(t9 t—), Ul(t +s t) = 0,
Ux(t,t~) =0, Uyt*,t) = B@)—I-V(+,1t).

Let p be in X, and let & be given by h(t)=E[V + U, + U,](¢, c)[p]. Now his in BV X,
and if 7 is in S then

h(t) = p+(R) f ViR +(R) f " UL +(R) f " Ulhl.

Hence (i) and (iii) follow immediately. Also, if ¢ is in S, t> ¢, then
k() = [+ V+ Uy +Ua(t, £ [t )]
and
h(t*) = [I+V+ U+ U2 *, t)[h(2)].
Thus, if tisin K, h(t)= A(¢)[h(¢ ~)] and h(z *)= B(¢)[h(¢)], and the proof is complete.

COROLLARY 2. Let V be in OAI, W=E[V], and let K, A, and B be as in Theorem
14. Let p be in X, and let h be the function determined in the proof of Theorem 14.
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Then if t is in S, not in K, and [c, t] intersects K, then

) = W, c)[ﬂ° [W(s*, B A)W(s ™, o] [P
(sin K)
Proof. Let U; and U, be as in the proof of Theorem 14. Let T be a member of
OA such that if [a, b] is an interval in S and q is in X, then

76, a)lg) = (L, B [ W(, 97U+ VW, gl

Now, by Theorem 1, & is given by h(t)=W(t, o)[ I 1¢ [I+T][p]]. If ¢ is in S, notin
K, and [c, t] intersects K, then

1 [Fu+T10p) = (,111: [+T(s*, )IT+T(s, s NP

But, if s is in K,

T(s*,s) = W(s*,c) Uys*, s)W(s, ¢)
= W(s*, c) " B(s)—I-V(s*, s)]W(s, ¢)
= W(s*, c)"B(s)W(s,c)—W(s*,c) " W(s*,c)
= W(s*, c)"*B(s)W(s,c)— L
Similarly, if s is in K,
T(s,s~) = W(s, ) *A(s)W(s~, c)—1

This completes the proof.
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